Abstract-Two-dimensional ultrasonic phased arrays are becoming increasingly popular in nondestructive evaluation (NDE). Sparse array element configurations are required to fully exploit the potential benefits of 2-D phased arrays. This paper applies the conformal mapping technique as a means of designing sparse 2-D array layouts for NDE applications. Modeling using both Huygens' field prediction theory and 2-D fast Fourier transformation is employed to study the resulting new structure. A conformal power map was used that, for fixed beam width, was shown in simulations to have a greater contrast than rectangular or random arrays. A prototype aperiodic 2-D array configuration for direct contact operation in steel, with operational frequency ~3 MHz, was designed using the array design principle described in this paper. Experimental results demonstrate a working sparse-array transducer capable of performing volumetric imaging.
I. Introduction U ltrasonic phased arrays are becoming more popular in nondestructive evaluation (ndE) applications largely because of their flexible operational nature, which can result in faster inspection times [1] , [2] . The most recent developments have been in the design and implementation of 2-d array element configurations, which enables full volumetric inspection of a component [2] [3] [4] [5] [6] [7] . There are several possible array layout configurations appropriate for use in ndE. Importantly, instead of a standard 2-d array transducer, which consists of rectangular grid of elements, sparse and non-regular element configurations provide scope for reducing interelement crosstalk and, more importantly, could minimize manufacturing complexity [2] [3] [4] . such design configurations are also capable of producing radiation patterns that are suitable for highresolution imaging applications, often at the cost of imaging performance resulting from higher side-lobe levels [3] . consequently, careful design of a nonconventional array transducer for a specific requirement is essential to achieve optimum system performance.
This paper applies conformal mapping technique as means of designing sparse 2-d array layouts. a conformal map is an angle-preserving transformation which has been widely used in many applications including aerofoils, fractals, and perfect lens design [8] [9] [10] . although there are a variety of interesting mapping functions available to exploit, this preliminary investigation presented is restricted to a fractional power transformation of the classical fully populated matrix 2-d layout.
Extensive modeling using both huygens' field prediction theory and 2-d fast Fourier transformation is employed to study performance of the resulting new array structure. a perturbation factor that governs the conformal transformation function allows further tuning of the resulting array design to suit a specific imaging application requirement. a comparison analysis against other common array designs, including densely populated rectangular and random 2-d array configurations, is also presented. a prototype 2-d sparse array, with z 4/3 conformal structure chosen for its interesting properties, was designed for direct contact operation in steel at an operational frequency ~3 Mhz, using the conformal mapping methods described in this paper.
section II provides the necessary background by highlighting the key challenges involved in 2-d array design. section III introduces conformal mapping theory and describes how it is applied in sparse 2-d array design methodology. Prototype manufacture details, experiment evaluation, and some concluding remarks are presented in sections IV-VI.
II. 2-d Ultrasonic array design and challenges
an array transducer is simply a sensor comprising several individual piezoelectric elements (typically from 16 to 256 for ndE applications-a limit typically imposed by practical costs associated with the control of arrays with more elements) in a single housing. In other words, array transducers are a cluster of miniature piezoelectric elements and each element is wired and addressed individually via an array controller, to produce the desired ultrasound wavefront characteristic. array transducers offer significant technical advantages over conventional singleprobe ultrasonic inspections; mainly:
• electronic scanning using a sub-aperture of an array; • electronic beam steering, also referred to as s-scans; and • dynamic focusing in receive mode, in which one device can focus at several depths through a sample, leading to faster inspection of the volume of thick samples, and improved signal-to-noise ratio.
however, all of these technical advantages come at the price of manufacturing complexity and cost. Even in a simple 1-d linear array configuration, the array elements should be spaced at no greater than half-wavelength distance to avoid any grating lobes (a form of aliasing caused by the periodic spacing of the array elements) [1] . at the same time, a wide spatial extension is required to achieve high resolution (because the lateral resolution of an array transducer is directly dependent on the array aperture size). satisfying these two key requirements is costly and often prohibitive in many array configurations. Fig. 1 shows a simulation, using huygens' principle, illustrating the effect of the unfocused array beamwidth as a function of array aperture size. The obvious conclusion from Fig. 1 would be to increase the array aperture (with a concomitant increase in array elements to maintain pitch) to enhance the system resolution. Unfortunately, there is typically a limit on the array element count because of the cost and complexity of phased-array controller instrumentation. alternatively, increasing the element spacing in an array would reduce the element count. however, it introduces undesirable grating lobes when the element pitch is greater than λ/2, as illustrated in the 1-d array field directivity simulation shown in Fig. 2 . In this simulation, the array has been configured to focus at a steering angle of −30°, with an additional grating lobe visible at 30° in the lambda spacing configuration.
one of the most promising approaches to reducing the number of array elements is to make the array structure nonperiodic [11] , [12] , whereby a fully sampled array is thinned by removing a fraction of the original set of elements, thus obtaining a sparse array element layout. alternatively, a random array layout could be generated using general purpose optimization tools with specific constraints placed to avoid element overlap [3] , [5] . In both cases, because of the nonperiodic nature of the array layout, aliasing effects are not present in such sparse array configurations. The main drawback however, is a potentially unacceptably high level of the side lobes present in the sparse array beam profile.
III. conformally Mapped aperiodic array design

A. Introduction to Conformal Mapping Technique
a conformal map is a transformation that preserves local angles, but not necessarily global shape, and is often used in the complex plane as a tool to convert a nontrivial geometry that would be difficult to manage analytically into a more easily managed geometry. Uses for conformal mapping include the analysis of aerofoils through the famous Joukowksi transform [9] , and more recently, the design of perfect metamaterial lenses and invisibility cloaks in the field known as transformation optics [10] . If a 2-d surface can be parameterized by its coordinates (x, y), then it is possible to create a complex coordinate z = x + iy that does the same. This complex surface can be transformed by some function w = f (z), such that w = u + iv and (u, v) are the new coordinates in the transformed space. The function f (z) is conformal everywhere where its derivative df (z)/dz ≠ 0. conformal maps have interesting mathematical properties, most notably that if a function satisfies laplace's equation (i.e., it is harmonic) then a conformal map of this function will also satisfy laplace's equation. conformal maps are therefore useful for the analysis of physical problems governed by potentials. In designing aperiodic 2-d arrays for ultrasonic transducers, a conformal map is a convenient and effective way to per- turb a rectangular array into an aperiodic one, in a parametric fashion. although conformal mapping is meant to be invertible, we do not use this property here and instead cast the transformed result back to cartesian space.
B. Conformal Mapped Aperiodic Ultrasonic Array Structure
novel aperiodic arrays can be designed by beginning with a standard 2-d rectangular array and perturbing the element positions. The goal is twofold: to create arrays with a large aperture that would not suffer from grating lobes, to reduce inter-element cross-talk and unwanted vibration mode selection. all of these problems can be attributed to the periodicity of the elements in a standard array. The conformal mapping process will be exemplified by considering a 2.5-Mhz, 121-element conventional rectangular array design for direct operation into steel. Fig.  3 (a) depicts the 11 by 11 rectangular grid layout, with 1.2 mm element pitch (λ/2), associated with this configuration; such a design is considered to represent a good balance between imaging performance and manufacturability. Each array element coordinate (x m , y m ) can be represented by a complex number z m = x m + iy m . The range of this rectangular array can be normalized on the complex plane such that | x | ≤ 1, | y | ≤ 1. as an example of perturbing the array structure, the following will focus on a simple transformation, namely w = z n , where n is a real number. after the transformation, new coordinates (u m , v m ) can be extracted from w m = u m + iv m and scaled to create the desired overall aperture. The acoustic field produced from the array elements at position (u m , v m ) can be monitored by using huygens' principle as shown in Fig. 3(b) or, in the far field, the 2-d Fourier transform of the aperture (the Fraunhofer approximation). The huygens simulation was calculated in Matlab (The MathWorks Inc., natick, Ma) assuming a steel medium, and the Fraunhofer approximation in labview (national Instruments corp., austin, TX), scaled arbitrarily. Fig. 3(b) shows the structure of the beam pattern for a rectangular array, with periodic side lobes and grating lobes orthogonal to the array pattern. reduction, or ideally removal, of these lobes is desirable.
starting with n = 1 and increasing its value, a variety of interesting choices emerge. For the w = z n transformation, the most interesting possible array designs occur in the bound 1 < | n | < 3; values of n outside this range tend to create aperiodic arrays with a concentration of elements near the center, or grossly asymmetric arrays. There are two noticeable advantages to this conformal perturbation.
First, the effect of small increases in the value of n can quickly smear out and reduce grating lobes, as the rectangular grid layout becomes more distorted. Fig. 4 illustrates the effect of varying the power factor n, slightly. In this Fraunhofer simulation, the array element separation is kept larger than λ/2 and the array is simulated to steer to an angle of 45° in both the azimuthal and the elevation direction. Therefore, the desired focal point is identifiable in the top left-hand corner of each image in Fig. 4 . This simulation helps to illustrate clearly the presence of grating lobes in the case of a periodic array layout, when n = 1. as shown in the other simulation images presented in Fig. 4 , when the variable n is varied slightly, the array periodicity starts to break. In other words, the peak grating lobe energy smears quickly, reducing grating lobe intensity. This also has the undesirable side-effect of bringing the overall side-lobe level up, and must be considered carefully because it directly affects the overall contrast of the image captured. Fig. 5 illustrates this point by plotting the peak and average side-lobe level when 1 < n < 1.5.
second, for various values of n, the map can become degenerate-that is, separate elements in the rectangular array can occupy the same position in the mapped array. For example, for the value n = 4/3, there is a reduction in the number of elements by ~25%. This constitutes an efficient and predictable way of reducing the number of elements in an array, in contrast to thinning through optimization techniques [11] . There is a choice to be made on how to physically create the new array design. If the position of the elements is mapped, then that only defines the new position, not the size of the new element. It is possible, of course, to map the element size as well, which creates nonuniform element sizes as a function of position. Furthermore, in some maps, the new element position is sufficiently close to another to allow for a combined element to be used; how one chooses to design the sizes of individual elements is not discussed in detail here; this work is concerned primarily with the application of conformal mapping techniques to simply map array element positions. Fig. 6 illustrates a few examples within the range 1 < | n | < 3. once a design is chosen, it is trivial to scale the design to a required aperture size through multiplication by a constant a, because the conformal map we study f (az) = (az) n = a n f (z) is not structurally modified by the constant scaling factor a. For the example configurations shown in Fig. 6 , the array element layout for n = 4/3 [ Fig.  6(c) ] is interesting for application as a 2-d sparse array, and is the focus of the remainder of this article. Using this configuration, Fig. 7 demonstrates how the reduction (via smearing) of grating lobes is maintained even if we continue to increase the aperture (i.e., element spacing > λ/2), which renders manufacture easier. as we increase the scaling factor a, the aperture and inter-element spacing increases. In a rectangular array, grating lobes would appear or increase in number because of the periodic nature of these lobes, but this conformally mapped array pattern does not have this periodicity-the beam pattern is invariant under scaling.
C. Comparison Analysis of a Selected Conformal Map Design With Other Array Devices Using Acoustic Field Modeling
array beam-pattern response was predicted using huygens'-principle modeling software. Fig. 8 presents the acoustic field predictions from a classical rectangular array, a random array (with no discernable structure), and 4/3-power conformal mapped sparse array designs. The simulation procedure is as follows.
The acoustic field is simulated using two 2-d crosssections through a 3-d acoustic field: (a) l'ambert azimuthal equiareal projection of a sphere of radius equal to the focal point distance, and (b) flat surface cross-section along the XZ plane. The simulation takes into account the directivity patterns of individual elements (elements are Fig. 4 . Perturbing a regular array layout using a conformal power map (with aperture constant) results quickly in the smearing of grating lobes present in the far-field directivity profile. The top left image has 8 grating lobes (and the main lobe in the top left of that image). only the main lobe remains localized after perturbation. Fig. 5 . side-lobe level (normalized to the largest side lobe at n = 1 case) as a function of the map z n . Increasing the power factor reduces peak side-lobe level (in grating lobes); however, this results in increasing integrated side-lobe levels. not omnidirectional). From there, side-lobe aperture and main-lobe width are estimated.
First, a rectangular-grid aperture (rEcT) probe is selected with 121 elements distributed over circular aperture. Then, a conformal map (cMaP) layout probe is designed to match rEcT main lobe width. This results in a probe design with fewer active elements, and significantly lower side-lobe amplitude. Finally, a completely random element location probe (rnd) is designed again, using two conditions: first, the number of active elements in the random probe is the same as in the cMaP probe, and second, the aperture is adjusted to match the cMaP and rEcT main lobe width. The results are collated in Table  I . The images of the beam shape are depicted in Fig. 8 . Please note that all of these probes utilize a circular overall aperture; this is to make the beam shape nearly circular symmetric. only the layout of the elements inside the aperture changes. It is clear that the cMaP layout combines the best features of the rEcT and rnd layouts: lowered element count and improved image contrast. It is true that the random layout smears out grating lobes, but it also can randomly produce high side-lobe level, depending on the dominant wavelength of operation. cMaP, being more predictably aperiodic, smears the grating lobes more uniformly. This effect is particularly important for low-element-count probes.
IV. Prototype device Manufacture
The conformal mapped sparse array configuration corresponding to n = 4/3, depicted in Fig. 6(c) , has been selected as the prototype array to evaluate this array design approach, with the scaling factor a chosen to ensure a convenient aperture size for manufacture. To build the prototype conformal mapped (cMaP) array device, a 70% volume fraction 1-3 piezoelectric ceramic composite [13] was fabricated using PZT-5h and cIBa-GEIGy cy1301/hy1301 epoxy (huntsman advanced Materials UK ltd., duxford, England). The overall dimension of the piezocomposite was approximately 30 × 30 × ~0.5 mm, with a saw width of 50 µm and saw pitch of 360 µm. This corresponds to an operating frequency of approximately 3 Mhz and was selected because this frequency has been used in recent ndE 2-d array designs [3] . Gas plasma treatment was used as a precursor to physical vapor deposition of silver metallic layers to form the electrode pattern associated with the cMaP array design. The array pattern was deposited using a precision cut mask on the rear face, as shown in Fig. 9(a, inset) . The pattern efficiently fills the 30 × 30 mm piezocomposite, thus defining the aperture, although the nonrectangular shape means the aperture is not fully populated. a monolithic layer on the front face was also deposited to be used as the array's electrical ground. Two wrap-around tags are also visible in Fig. 9(a, inset) ; these provide an electrical connection to the ground face of the array.
Micro-coaxial cables (132 core, 50 Ω, 110 pF/m cable, Prosonic ltd., Gyeongju, south Korea) were soldered by hand onto the electroded piezoelectric composite layer. The inner conducting core of the cable is tinned to enable easy soldering of cable. also, the individual shield wires in each micro-coax cable in the bundle (near both cable ends) Fig. 7 . Effect of scaling factor a on the array imaging performance for a conformal map (z 4/3 ) 2-d array. The scaling factor a is directly proportional to the effective aperture of the array, in that the increasing pattern size evidently increases aperture. The beam pattern is invariant under change of a. This demonstrates that this pattern can be scaled up (i.e., magnified in size and increasing the aperture concomitantly) without introducing new lobes, despite increased element separation.
are exposed, to facilitate attaching ground connections close to the device, improving snr. To improve the array transducer bandwidth, a light backing (approximately 2 Mrayl) was used to damp the device response at the rear face of the device. The backing was constructed using a syntactic foam material filled with glass spheres and epoxy resin as polymeric binder (acoustic Polymers ltd., Gloucestershire, UK). In addition, a 12-µm protective layer made of nano-silica-filled epoxy polymer (Masterbond Inc., hackensack, nJ) was used at the front face. Finally, the array was inserted carefully into an aluminum casing and potted with polyurethane as a sealant.
Individual testing of each element in the finished cMaP array showed variation in sensitivity across the array. This attribute could be due to one, or a combination, of variations in the solder attachment at the back of each element or the loading (i.e., glass spheres and cables) at the back face from the syntactic foam backing medium used. also, there were slight variations in the polyurethane mixture used as a sealant, resulting in an inconsistent performance while setting. notwithstanding these manufacturing issues, the prototype cMaP array was considered suitable for evaluation in this feasibility study.
V. Experimental results
To characterize the cMaP array both electrical impedance and laser vibrometry measurements were acquired. The operational impedance characteristic of the cMaP 2-d array substrate was measured using an hP impedance analyzer (hP4194a, agilent Technologies, south queensferry, scotland). Fig. 9 (a) details the electrical impedance characteristic of the composite substrate (temporarily silvered fully on both sides) and illustrates clearly the presence of thickness mode electrical resonance at approximately 3 Mhz. Fig. 9(b) illustrates the surface displacement characteristic of the array when only one array element is excited. The array element displacement was measured at 6 nm using a scanning laser vibrometer (PsV-300-F, Polytec Gmbh, Waldbronn, Germany) and importantly, the mechanical crosstalk across the array aperture is 20 dB down on the peak displacement of the active array element.
To characterize the probe's pulse-echo performance, it was placed on an 80-mm stainless steel block with backdrilled holes of 2 mm in diameter and 10 mm depth. a dynaray phased-array controller (Zetec Inc., quebec city, qc, canada) was used to drive the cMaP array, with array elements excited using a 50 ns, 80 V pulse, and the echo from the back wall was collected on all elements separately. an example pulse-echo response is shown on Fig.  10(a) . Full matrix capture (FMc), a specific data acquisition process in which all individual transmit-receive timedomain signals within an array are captured [14] , has been acquired using the prototype cMaP array. The 3-d total focusing method was applied in post-processing the FMc data [7] and the volumetric scan of the steel test specimen is presented in Fig. 10(b) . The responses from individual elements were not equalized, hence the rough appearance of the back wall in Fig. 10(b) . notwithstanding, the two holes are clearly visible in the image, and there are neither grating lobes nor ghost images of the reflectors. Fig. 8 . comparison of the field profiles for a rectangular, conformal-map, and random array with a focus at 100 wavelengths. lambert sections and field profiles (in the x-z plane) of the (a,b) rectangular array, (c,d) conformal layout, and (e,f) random array. For fixed main-lobe width, the conformal layout has a maximum lobe level of −11.5 dB, whereas the rectangular array lobe level is −6.7 dB. The conformal array therefore has a better contrast for fixed main-lobe width.
VI. concluding remarks and suggestions for Further development a conformal map based method to design sparse 2-d array configurations has been presented. The investigations indicate that such an approach could be employed to efficiently break the periodicity in an array lattice, which allows the array structure to be scaled without introducing undesirable grating lobes. In the adopted design methodology, the array element position only was selected to undergo the mapping process. Mapping array element shape in conjunction with its spatial coordinates could generate interesting apodisation schemes and could be studied separately.
a prototype 4/3-power conformal transformation based layout device was manufactured and the preliminary results are encouraging. although such a sparse array design permits the development of a reduced element count larger aperture, high-frequency, 2-d array suitable for imaging application, there is a limit to how large an array could be built using standard array manufacture and assembly procedure. For example, at high frequencies, the thicknessmode piezoelectric layer is very thin and the conventional array assembly stages (including electroding, wiring, and bonding front/back face layer) could prove problematic, especially for producing extremely large radiating front face. a compromise between array imaging performance (in terms of beam spread, side-lobe level, and operating frequency) and manufacturing complexity is necessary when designing such high frequency, sparse array devices to suit a particular application.
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